In this paper spin excitations in spherical ferromagnetic nanoshells are investigated. The magnetic dipoledipole interaction, the exchange interaction and the anisotropy effects are taken into consideration. For such spin excitations, an equation for the magnetic potential perturbation is obtained. For a nanoshell that is thin compared to its size, the dispersion relation for nonzero spin excitation modes and the only possible frequency for zero-mode spin excitations are found. Limitations on the mode numbers are derived. 
Introduction
Spin excitations in magnetically ordered materials have been studied extensively both theoretically and experimentally during last decades. Such excitations are a subject of research in magnonics [1] and spintronics [2] . In particular, spin excitations in nanoscale systems -thin ferromagnetic films [3] [4] [5] , micron-sized magnetic quantum dots [6] [7] [8] , nanowires [9] [10] [11] and other nanosystems -are studied intensively during recent years. In particular, spin-wave dispersion in nanosystems is an important area of experimental research. Experiments on spin-wave dispersion and spin-wave spectrum are conducted on thin * E-mail: kulish_volv@ukr.net films [12] , patterned thin films [13] , circular dots [14] , arrays of magnetic wires [15] , magnonic crystals [16] and other nanosized objects. Spin excitations in nanoscale systems are promising for their practical applicationsfor instance, in new magnetic storage devices [17, 18] . It is known that spin excitations pattern in a nanosystem depends strongly on the system shape and size. Therefore, spin excitations are investigated in different kinds on nanosystems. In particular, spin excitations, synthesized in the late 1990s, metallic nanoshells -composite nanoparticles comprised of a dielectric core and a thin metal shell [19, 20] -represent a special interest to study. First synthesized nanoshells were comprised of non-magnetic materials and, therefore, were known mostly because of their optical properties. However, in recent years nanoshells comprised of a material with ferromagnetic properties have also been synthesized [21] . This fact makes investigation of spin excitations in ferromagnetic nanoshells a task of practical importance. In this paper, we study spin excitations in a ferromagnetic nanoshell. For a spin excitation in such nanostructure, we have obtained an equation for a magnetic potential perturbation. For a ferromagnetic nanoshell that is thin compared to its size, we have found a dispersion relation for non-zero radial modes considering the magnetic dipole-dipole interaction, the exchange interaction and the anisotropy effects. We have also found the only possible frequency for zero-mode spin excitation for such nanosystem.
Setting of the problem
Let us consider a spherical nanoshell, comprised of a nonmagnetic core and a ferromagnetic metallic shell. The inner radius of the nanoshell is denoted a, external -b (see Figure 1) . We consider the ferromagnetic shell comprised of a ferromagnet that is of local "easy axis" type, so that the saturation magnetization M 0 is directed along the radial direction of the shell; we consider it to have a constant module throughout the shell volume. (For an experimental investigation of ferromagnetic thin films with a normal orientation of the easy axis see, e.g. [22] .) We assume that the ferromagnet is characterized by the following parameters: the uniaxial anisotropy parameter β (which is considered constant), the exchange interaction parameter α (an exchange energy tensor in the general case of an uniaxial crystal is diagonal and has two independent components; we consider the case when these components are equal -that is true for a cubic crystal, for a polycrystalline ferromagnet with small crystals, etc.). We neglect the dissipation -and, therefore, the spin excitations damping in the ferromagnetic shell, discarding the relaxation terms in the Landau-Lifshitz equation. The gyromagnetic ratio γ of the nanoshell ferromagnet is considered to be constant. Let us consider a spin excitation (standing wave) excited in the above-described ferromagnetic shell with the wave vector directed along azimuthal-polar directions. The spin wave is considered to be a small perturbation of the magnetization density and, correspondingly, of the magnetic field. Thus, a perturbation of the magnetization density ( M = M 0 + , where M is the overall magnetization) satisfies the condition | | M 0 . The task of this paper is to obtain the dispersion relation for the above-described spin excitations.
Theoretical background
Let us write down the Landau-Lifshitz equation for our system. As the deviations of the magnetization and of the magnetic field inside the ferromagnet from their ground state values -M 0 and H ( ) 0 , respectively -are small, we can use the linearized form of the Landau-Lifshitz equation. In the Cartesian coordinates, this equation (without the damping term) has the following form [23] :
where is a unit vector along the anisotropy axis of the system. Let us use the cylindrical coordinate system (r, θ, ). According to our model, the saturation magnetization M 0 is directed along the radial unit vector (and, consequently, along ) throughout the nanoshell. In the absence of the external magnetic field the ground state magnetic field inside the ferromagnetic shell is also directed along , so −4πN M 0 = H ( ) 0 || for the symmetry of our system (herê N is the demagnetizing coefficients tensor). Using these relations, let us substitute into (1) values and in the form of periodical oscillations:
After considering the fact that
In order to solve the Landau-Lifshitz equation we need one more relation between the magnetization and the magnetic field. For that purpose, we can use the magnetostatic approximation [23] for spin excitations in the nanoshell. In this approximation, the field deviation is a potential field so = −∇Φ, 0 = −∇Φ 0 , where Φ is a magnetic potential and Φ = Φ 0 ( ) exp ( ω ). Then, from the Maxwell equation ∇· = −4π ∇· we obtain the sought relation:
Equations (3) and (4) give us necessary relationship between and . Using this system of equations, we can find the equation for the magnetic potential and the dispersion relation for spin excitations in the shell.
Equation for the magnetic potential
In order to find a dispersion relation for spin excitations in our system, let us find a differential equation for the magnetic potential Φ using the system of equations (3) 
This equation is analogous to the equation for a magnetic potential for a cylindrical symmetry nanosystem, e.g. see [9, 24] . In general case, we cannot solve the equation in an analogous way, seeking the solution as a linear combination of the spherical functions. However, the equation can be solved for a thin shell, for which the condition ( − )/ 1 is satisfied.
Dispersion relation
Let us find a dispersion relation for a spin excitation in a thin ferromagnetic nanoshell.
The equation (6) admits a solution in the form
here and are Bessel and Neumann spherical functions of the order l, respectively, Y are spherical polynomials, k is a radial wavenumber, A 1 and A 2 are constants. Really, from the properties of the spherical functions implies
so the equation (6) is satisfied when 
Transforming (11) This dispersion relation satisfies for non-zero radial modes ( = 0). However, for the radial mode with k=0 (so the radial dependence of the magnetic potential can be neglected) the equation (11) 
Note that the frequency given by (17) is, in fact, a ferromagnetic resonance frequency. However, zero modes (k=0) include not only the ferromagnetic resonance but also the modes with k=0, = 0. All these modes have the same frequency given by (17) . Thus, for spin oscillations in a thin nanoshell, two kinds of radial modes can be excited. The mode with k=0 (the radial dependence of the magnetic potential is absent) can be excited with only one frequency given by (17) , and the modes with = 0 can be described using the dispersion relation (13).
Discussion
Thus, we have obtained the dispersion relation and zeromode frequency for spin excitations in a ferromagnetic nanoshell. Note that in the limit of a large nanoshell 0 → ∞ the dispersion relation for non-zero spin excitation modes in a thin nanoshell (13) transforms into
and, therefore, becomes quadratic in the wavenumber. The dispersion relation (18) is similar to the dispersion relation for spin waves in a thin ferromagnetic film, e.g. see [25] . Therefore, for a large shell the spin excitation pattern becomes quasi-one-dimensional. Moreover, the dispersion relation for a thin cylindrical nanowire also has the same form, see [9, 24] . So, we can conclude that for a ferromagnetic nanosystem that is small by at least one dimension the dispersion relation is independent from the nanosystem shape. Expression (17) for zero-mode frequency in this approximation can be rewritten as follows:
As we have mentioned before, this frequency equals to the ferromagnetic resonance frequency. Let us make numerical evaluations for the possible spin excitation modes number in a ferromagnetic nanoshell. One can note that the spin excitation wavelength is restricted, on one hand by the nanoshell thickness (which makes unities of nanometers for typical ferromagnetic nanoshells) and on the other hand by the continuous medium approximation (the wavelength must be considerably greater than the interatomic distance) and by the exchange interaction length which has the order of several nanometers for typical ferromagnetics. Transforming these limitations into limitations on the wavenumber k, we can conclude that for a typical ferromagnetic nanoshell size only the first ( ≈ 2π/( − )) and zero radial mode can be excited if the thin shell condition 2 − 2 / 2 1 is satisfied. (Note that ferromagnetic nanoshells have been synthesized only recently, so we should analyze the mode pattern for a wider range of the nanoshell thicknesses than described in [21] . A typical non-magnetic metal nanoshell has a thickness of unities or tens of nanometers; for a ferromagnetic nanoshell of the same thickness several radial modes can be excited.) For the first radial mode the dispersion relation (13) can be used, while all zero modes have a frequency of the ferromagnetic resonance given by (17) . Similar restrictions are imposed on l: the azimuthal wavelength (that has an order of 2π 0 / ; mean radius 0 makes unities or tens of nanometers for typical nanoshells) is also limited by the exchange interaction length, so only the first N ∼ 2π 0 / ∼ 10 asimuthal modes can be excited in a typical ferromagnetic nanoshell. Let us also make numerical evaluations for a spin oscillation frequency given by (13) , (17) , bearing in mind the above-described restrictions on k and l. For a typical ferromagnet we can put β∼ 1, α∼ 10
, γ=10 7 Hz/Gs, M 0 =10 3 Gs, so after neglecting the internal magnetic field we can consider that the spin wave frequency ω has the order of magnitude of 10 10 Hz throughout all the possible l and k range.
Conclusions
In this paper we have investigated spin excitations in a spherical ferromagnetic shell. We have considered the case when the shell ferromagnet is of local "easy axis" type. For a spin excitation in such a system, we have obtained an equation for a magnetic potential perturbation. We have solved this equation for a thin ferromagnetic nanoshell (the shell thickness is much less than its inner radius), obtaining a dispersion relation for non-zero (by wavenumber) mode. We have also shown that for all zeromode spin oscillations (k=0, arbitrary quantum number m) only one frequency (that equals to the ferromagnetic resonance frequency) is possible; we have obtained the expression for this frequency. From the limitations on the spin excitations wavelength, we have obtained limitations on both radial and asimuthal modes number. We have shown that if the nanoshell size increases, the dispersion relation becomes quadratic by the wavenumber, becoming similar to the dispersion relation for spin waves in a thin cylindrical nanowire.
